Given an open bounded set G in the complex plane and a weight function Wz which is analytic and di erent from zero in G, we consider the problem of locally uniform rational approximation of any function fz, which is analytic in G, b y particular ray sequences of weighted rational functions of the form W m+n zRm;nz, where Rm;nz = P m z =Qnz; with deg Pm m and deg Qn n: The main result of this paper is a necessary and su cient condition for such a n approximation to be valid. We also consider a number of applications of this result to various classical weights, and nd explicit criteria for the possibility o f w eighted approximation in these cases.
We s a y that the triple G; W; has the rational approximation property if, for any fz which is analytic in G and for any compact subset E of G, there exists a sequence of rational functions fR mi;ni zg 1 i=0 , where R mi;ni z = P mi z=Q ni z; with deg P mi where all norms throughout this paper are the uniform Chebyshev norms on the indicated sets.
Given a triple G; W; , as in 1.1 which satis es the conditions of 1.2,
we state below our main result, Theorem 1, which give s a c haracterization, in terms of potential theory, for the triple G; W; to have the rational approximation property. Let ME be the set of all positive unit Borel measures on C which are supported on a compact set E, i.e., for any 2 ME, we h a v e C = 1 and supp E. Also, @ Gdenotes the boundary of the set G, and the logarithmic potential of an arbitrary compactly supported signed measure is de ned see Tsuji 18, p The study of weighted rational approximation has recently been introduced in papers by Borwein Finding the signed measure G; W; of Theorem 1, or verifying its existence, is a nontrivial problem in general. Since U G;W; z is harmonic in C n supp G; W; and, since it can be shown from 1.6, if log jWzj is continuous on G and if G is a nite union of G`; = 1 ; 2 ; : : : ; 0 , that U G;W; z i s equal to log jWzj + FG; W; on supp G; W; @ G , then U G;W; z can be found as the solution of the corresponding Dirichlet problems. The signed measure G; W; can be recovered from its potential, using the Fourier method described in Section IV.2 of Sa and Totik 13 .
However, we next consider a di erent method, dealing with speci c weight functions, which allows us to deduce explicit" expressions for the signed measure G; W; of Theorem 1. For simplicity, we assume throughout this section that G is given as in 1.2i, but with nite. We denote the In special cases where the geometric shape of G is given explicitly, it is possible to determine the explicit form of the signed measure in 2.10. As a simple example, we consider below the special case of a disk and = 1 = 2 : Corollary 3. Given the disk D r a := z 2 C : jz , aj r , where a 2 0; +1 and where D r a S 1 = C n,1; 0 , i.e., r a, and given the weight function of 2.9, then the triple D r a; z ; 1 2.13 This section is devoted to the study of weighted rational approximation, with respect to the exponential weight of 2.13, in disks centered at the origin and in certain domains, arising in connection with Pad e approximations of the exponential function. Our next result treats the case of disks. We remark that the solution, r max of 2.15, can be veri ed to be symmetric about = 1 2 , as a function of in the interval 0; 1 .
Next, we again consider the weight function Wz : = e , z of 2.13, but we now consider the triple G ; e ,z ; , where G , a generalized Szeg o domain, We n o w h a v e all the necessary de nitions for the statement of our next result.
Theorem 5. For any with 0 1, let G be the domain of 2.22, and let Wz = e , z be the weight function of 2.13. Then, the triple G ; e , z ; has the rational approximation property 1.3.
To conclude this section, we note that, except for the nal result of Theorem 5, all preceding results stated in Sections 1 and 2 are of the if and only if" type, i.e., these results are by de nition sharp. The result of Theorem 5,  however, leaves open the possibility that for a given with 0 1, there could be a larger domain H, with G H, such that the triple H;e ,z ; has the rational approximation property 1.3, but we strongly doubt this.
Also of general interest is the extension of the results of this paper to triples G; W; of 1.1, where one has the sharpened r ational approximation property, that is, for any fz, analytic in G and continuous in G, there is a sequence of rational functions fR mi;ni g 1 i=0 satisfying 1.3i, such that lim i!1 f , W mi+ni R mi;ni G = 0 :
F or the essentially polynomial case of = 0 and Wz : = e , z , this is treated in part in 10, Theorem 3.2 . Some general results in weighted polynomial approximation on compact sets are obtained in 9 . To our knowledge, general results on the sharpened rational approximation property have not as yet been treated in the literature.
